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Al-Driven Discovery in Material Science

Reimagining Chemistry Pedagogy |
, through Modeling, Computation & Al-
- driven Discovery -
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.~ Unified Science

Basics of all core sciences in two years
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Center for Al in Chemistry | ITMO University, SCAMT

—
The centre is a community of young scientists and graduate studentsj

dedicated to shifting the paradigm of materials design for medicine
and energy. We leverage big data and predictive machine learning
algorithms to solve complex scientific challenges without 'wet'

chemistry.

) —

| Featured Repositories

Here you will find our key open-source projects.

[

ChemX

>

An ecosystem for working with chemical
data, providing everything you need: a
collection of 10 datasets, dbt models for ETL,
an API backend for data access, a Python
client for integration, and ready-to-use RAG
application examples.

\

=
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nanoMINER

This repository contains a cutting-edge
multi-agent system that integrates large
language models with multimodal analysis to
extract crucial information on nanomaterials
from research articles.

(

DiZyme

The DiZyme - web-resource for rational
design of nanozymes using machine
learning algorithms. o




ACCELERATING NEXT-GENERATION « %,
MATERIALS RESEARCH WITH Al *-.%
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The U.S. National Science Foundation Artificial W
Intelligence Materials Institute (Al-Ml)

Cornell, Princeton, MIT, CUNY, Boston University and Rice University
Verified email at cornell.edu - Homepage
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https://www.ntu.edu. sg/mse/research/a|-for-mater|aIs -initiative
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This initiative aims to establish a platform for Al-enabled
materials discovery in Asia — connecting fundamental research
6" " with translational development and industry collaboration.

Y

End-to-End Materials
Innovation

We integrate capabilities across
the full materials lifecycle — from
materials discovery and process
development to pilot-scale
validation and real-world
deployment.
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Application-Driven Al
Solutions

We begin with real industry and
field challenges — such as thin-film
optimisation for packaging-
relevant materials, Zn battery
degradation, HEA corrosion under
realistic environments, non-
invasive biosensing needs, or in-
field nutrient monitoring.

CeE o)
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Materials- and
| SDL-centred infrastructure
versus generic Al tooling

We bring together materials
expertise, experimental platforms,
and applied Al tools within a
unified environment.

B —

EXPERIMENT
DATA

Al MODEL
DEVELOPMENT

MATERIALS
INSIGHTS

)

-
Plug-and-Play Workflows
for Singapore’s Materials
and Manufacturing
Ecosystem

The Al for Materials initiative is
explicitly designed to bridge
fundamental materials discovery,
SDL infrastructure, and
manufacturing Al within
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N
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An agentic Tramework for rational inverse design of materials by replicating and incorporating the expertise or human _ -~
domain experts across various design tasks and target properties.

ri/éj

s N
’ g Natural Language Input c&\a@
Make changes to the material [Cd].[0-]C(=0)c1ccc2c(cl)ccc(c2)C(=0)[0-] to A7
increase/decrease its Property X, and suggest 10 new SMILES candidates. f,ﬁﬂf;,
Chemist r

Domaln-expert Knowledge Step 1: Review literature for
design guidelines and propose a

Step 4 (Optional): Allow

human chemists to provide (Human-Al CO||aboration\

Tool 1 N | new molecule by modifying the feedback or add design
Y ue & ACS original structure. constraints.
TE l LS :\A\/S\c Chemistry for Life” nature ‘. ? Real-time domain- | Ta
MATERIA b - - AN ex ; ¢
? e —. - X pert evaluation of
PROJECT ROYAL SOCIETY = i > < - Tool4 the new molecule
OF CHEMISTRY . <
Extract knowledge on S
Property X modulations 8&&
& b J
Step 3: Evaluate the
> w property of the new molecule. O
Step 2: Check chemical feasibility of the new molecule. P /s’ \\ N ?}Q.
’ p ~ x’// " Domain-expert Model \ '\
- = 4 ( Representatlon Learning ) €
N | °<Too| 2  Howfeasible is the . | o D X T Padlic:.
e, </ new generated candidate? | . /' Tool 3 H
o 2 SN . - v o
cr3 k Synthesizability Assessment ) . ) Inference on Property X e
N g \_ with uncertainty estimation R oL

| arxiv.or/a /2410.03963

(0 e LU h ttps://github.com/mehradans92/dziner




Curious
Minds
Brighter
Tomorrows

Build curiosity, research mindset

@ 02 | Interdlsuplmary mindset

@ 03 | Competitions and hackathons

@ 04 | Entrepreneurial Mindset

' 05 | Global Mindset-global collaboration

e 06 | Service as a Mindset




Modify +1 and +2 Mathematics (><}>3E?
. and Physics Syllabus £
to include
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:@1 What Is Computational Thinking?

1 Stephen Wolfram (2016) stated that the "intellectual core"
of computational thinking "is about formulating things with
enough clarity, and in a systematic enough way, that one
can tell a computer how to do them.". 99

\\ll,

-@:

L@ Where do the algorithm converge onto when a starting point is given?%

Operational definition of computational thinking involves
both a problem-solving process and a series of dispositions and attitudes.

Stephen Wolfram
Mathematica

-’

—_— == = \ —

( \ (> - :
Newton’s method | Consider a polynomial function f(z) = z*-1 J T Clear all ; clc; Fractal Visualization
can be readily applied It has three roots : i T X=-2::01:2; '
to find the roots zn=1+0i11z,2=—%+gi ‘z,g=—%—€if ‘ B

(= ( [
S\ —— \
f(zy) .
n
Z =TS 1z In matlab , roots can be
n+1 n f / ( Z) Zn) Sl (n =) obtained by giving the polynomial
— . f@ coefficients:

' R Let f(z) = 2 + 02> + 0z - 1
3
‘ (Zn = 1) . - | end
' Zpyl = Zp — e l (\Matlab codeJ imshow(Z);
1 3Zn ;

= )11 | Roots = roots([1 00 -1]) \ g |
5 = — HJ ky, — _— - ) - - -’

y=X;
i=complex(0,1);
| [X Y]=meshgrid(x,y);
| z=X+ixY;
! for j=1:64
| Z=2-(Z."3-1)./(3*Z.2);
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= Mindset Change needed. =
Ralse Questions and Computatlonally

-

4

Fractal Visualization

@ = explore for the answer =
\.
i \ ' 7’ ’
-@- Where do the algorithm converge onto when a starting point is given?'>
L -
> , “
Newton’s method l Consider a polynomial function f@)=2-1 ) s odte ' Clear all ; clc:
can be readily applied It has three roots : o | (x==2::01:2;
to find the roots z,.,—1+01Jzn=—l+ﬁit’z,3=—l-—£i y=X;
e f(z ) R L SRy 2y i=complex(0,1);
. n [X Y]l=meshgrid(x,y);
dntli S ln = f'(Z) Zny = 2Zp - ;(?;; - 1:;?::¢Iiat:)y'9i';‘i’:;sth?:°lby:omial D < Z=X+1*Y;
- =) coefficients: for j=1:64
N Letf(Z) = z3 + 022 + OZ =3 Z=Z-(Z.A3"1)./(3*Z.A2);
(Zg — 1) ) = | end
Znil = Zp — 3,2 LMatlab code | imshow(Z);
Zn " Roots = roots(f1 00 -11) |
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\
" oo -
X = 2: .@] . 2; <;3_' % create vector from -2 to ZJ

with step 0.01
X =X+eps,
y=x; 5
= ComPIEX(e, 1); 4| % i = V-1 (imaginary unit)]
[X, Y] = meShgrid(X,Y); <« E%; create a 2D grid of x and y)

% avoid division by zero

Z=X+ i*Y; ' % form complex matrix Z = X +|_Y/

for j=1:64
Z2=2Z-(Z.723-1)./(3%Z.12);
end " (% Newton’s iteration |

imshow(a); « (% display the result )

% coefficients of :73-1
%in order are 1 0 0 -1

r = roots([10 0 -1]);
a(:,:,1) = abs(Z-r(1))<=0.1;
a(:,:,2)=abs(Z-r(2))<=0.1;
a(:,:,3)=abs(Z-r(3))<=0.1;
a = a*l; % logical to numerical
figure

imshow(a)




Mathematical Modeling
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AN Computatlonal Calculus
\ | Vol 1

Computers and the
' Analysis of
- Physical Systems
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William Flannery

Berkeley Science Books

William Flannery

Author e Educator ¢ Scientist

\

Analytical calculus, the calculus that
Newton discovered, can be difficult.

Computational calculus, the
calculus that engineers use today, is
always easy.

We’ll demonstrate this by solving the world’s
first differential equation, the equation for the
| trajectory of a falling apple, both ways.

[ Computmg the trajectory of a falling object with Newtonian Grawty J

Piby=———or

GxM,,
(p(t))2

p(i) = pli —1) +v(i — i)xdelt’

p'(t) =v(1)

N >

V') =-

(p(0)°

vi)=v(i-1)+

_GxM,, "dlt}

G X Mearth ( 1)




"

Acceleration due to gravity is a function of position

™

J

clear all;clc;
G= 6.7e-11; % gravitational constant

mEarth =
rEarth = 6.37e6; % radius of earth

v(l) = 100; t(1) = 0;
a=-G*mEarth/(p(1)+rEarth)~2

Alocatior;

- | i
12%
o
-

-

5.97e24; % mass of earth

acceleration

dt = 0.05; p(1l) = 500; % initial state

deceleration
—_—

i=1; 'i:in’\e “ l
pos=p(1);
while(pos>=0)

end

i=i+l;

t(i) = t(1i - 1) + dt; % time at start of subinterval i

p(i) = p(i - 1) + dt*v(i-1); % project position to start of subinterval i
v(i) = v(i - 1) + dt*a; % project velocity to start of subinterval i
a=-G*mEarth/(p(i)+rEarth)”2; % calculate accel for start of subintervali+l

pos=p(i);

comet(t, p) % plot the position of the apple above the surface of the Earth

Y

[ Computing the trajectory of a falling object with Newtonian Gravity ]

( GxM m: & p(n)
PO "0y [Mﬂ=pﬁ—D+vQ—Dx&m] ’3
,p'(t) =v(?) ‘ ‘ -GxM j
' GxM_y {V(Z) = v(i = 1) == p(—l—ff';—h delt] 2
Vilg) =~ (p(0))? J Yo 05 1 1':




| ) READ & BUILD A growing shelf of books turns math

Analyze the world et i e
computationally

= h
~s2 . Mathematical Modeling
| . And —x
et  Computational Calculus @

- Analyze the World -

William Flannery
node 0 Berkeley Science Books e R 8 |
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Computational
Discovery
on Jupyter

Data. Models.
Discovery.
Insight.

Neil J. Calkin
Eunice Y. S. Chan
Robert M. Corless

& C B computational-discovery-on-jupyter.github.io/Computational-Discovery-on-Jupyter/index.html

O Evalify

Computational
Discovery on Jupyter

Welcome to Computational
Discovery on Jupyter

Explore interactive notebooks, data-driven models,
and computational tools for scientific discovery
and engineering excellence.

| Q_ L a8
ﬂ‘}f dno @@ o\t )

-

Data Mathematical Computational Insight &
Analysis Modeling Tools Discovery

0. CD in Spreadsheet

u Easy to Use

Powerful Spreadsheet 7~ 2 Reproducible
Analysis Friendly K./ Results



Generahzed Inverses

Applications
A Lasting Legacy in Theory and Applications Impact
: ~ Guorong Wang - Yimin Wei
Gleneralized e — Clomgutatlon of - Sanzheng Qiao
nverses i A Generalized Matrix Inverses
d Thomas N.E. Grevill i M
Apiulions . and Applications Generalized
Generalized P Inverses:
Inverses | B
> & a0 [heoryand
Theory and Applications 10”"1‘:“0 Rh S C
aonitiin e, & (omputations

3 —>

A A A4 A? b PAST INSPIRES TODAY « FOUNDATION FOR TOMORROW —



;-p The mathematical workhorse - Pseudo inverse of a matrix

[ CR decomposmon of a matrix and its Pseudo mverse]

- ( OUR UNIVERSE )

WORMHOLE

MOUTH ) N Fardamwasss  Old Route

THROAT OF
WORMHOLE

Np ' 2 SAME
il _ : : i MATHEMATICS
CONNECT . e :
WORLDS : : - 4 . A BRIGHTER
- N ’ ; ; " : UNIVERSE




ﬂu’nk
ComP ute

ApplY

o Vector addition.
\

214121=14 Add vectors
- 3 1 4 componenf—w:se.

(
9 Linear Combination L
\

1 1 .
1 N 2 3 i ination
(§J+2[2]'[2)+ i|=|s| A

- . - . S &) of vectors
(5) dotproduce s

2
(1 2 1)(1]=1x2+2x1+1x3=2+2+3= 7 gymall

3 K The dot product multiplies
ts and adds them. 3 Big

corresponding componen

\_

Vecfof S
eS st
e ;zssibif'}”eS
Mathematics for a Brighter Tomorrow O




Addition: Functions and Vectors
—_— C Same idea, different settings — add pointwise! ) —

DHIV/‘;//\'

S \

n‘t t' \

reP::se peratnon');
50 —_

Addition of two functions Addition of two vectors
A+ = iO+AO) ) [ 2(n) = x(n) +y(n) )
6 6
fa(t)+f2(t) ...a.f'Z(n)=X(n)+y(n) °
5 @
¥l i %% Q.'
@® @ ®
4100¢ ..\ o . . :: o® ®
3 » Lo ) & v
x(n) °.‘ o008
2 ....OOO..::OQQO..
1|0® % ® o7
@ ® @
g S 10 - 15 20 25 30
— fi(t) (red) ; The sum oi;) two . ® x(n) (red) The sum of two vectors
unctions is obtaine (sequences) is obtained
J2(&) (blue) by adding their values @y bie) by adding their
= f1(t) + f2(¢) (green) at each t. ® z(n)=x(n)+y(n) (green) elements at each n.

Addition works the same way — whether we have functions or vectors:
add the corresponding values!

Functions. Vectors. Same Idea. Mathematics Builds Understanding Q




Addition of two vectors in R"

result in a vector in a plane defined by the two vectors

Vectors (components)
—3 a = (a1,a;)

=3 b = (b}, b,)

=P a+b = (a+b,a,+b,)

(a1 +by,a;+by)

O Key Idea

The sum a + b lies in the
plane defined by the two
vectors a and b in R™.

Q Component-wise addition
at+b= (a1 +b1,a2+b2)

!
=Y
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Scaling a Vector

Z-axis

Y-axis 00 X-axis



Z-axis

Two independent vectors in R3
define a plane through the origin.

All vectors obtained by linear
combination of these two vectors
lie in that plane.

There is a unique (up to sign) orthogonal
vector to this plane. It is orthogonal to all
the vectors in the plane.

Two vectors span a plane.

A perpendicular vector is orthogonal to
every vector in that plane.

e TT—




[ Two interpretations of matrix vector product j

Lmear combmatlon p ) Dot Product/projection

o0 © O
\ J

900 O
\ =y




\.

Orthogonality, Independence of two vectors
(in 2, 3, 4 dim data points)

N

S

P

DCT, DFT - Orthogonal Bases

| - 2 — Dimensional Vectors i 3 — Dimensional Vectors 4 — Dimensional Vectors
(1)
(1Y (2Y | (1) (3 N
45 ; g L[ 0 | ! | . 1
2 -1 1 1
W -\
P



\

From RREF of a Matrix A one can read off Read
® nu
One set of independent RNS vectors. *"ji,,,,,@‘-’
J
X (R (T -1 . Lopendent
3l ~ USOSEISREIS ~ SO ~ (1 4 1) =) RNS(3) =»||-1 gnitmnuﬁ—space
7 oo ooty S 11 1 vector:
3rdcol Ny
i T Z\N t N
. . Jependen
RREF(A,.4.)= |} % ! 2| = RNs34) = || T pace
\ m 0 1 3 4 7l R = vecrs_—
Y 3[ I4thcol QO L y
£ (-2 -2) 2 'alePendeniL \
< Twoin
RREF(Apyg)= |} 2 0 2| = RNs@a) = [|5 O, || vight
mx 0 0 1 4 0 =41l " etors.
L 2nd col T T fatcol & ! : & / 3
Same idea.

The RREF makes the independent right null-space (RNS) vectors easy to read off. Bigger insight!



Rank-Two C' R Decomposition

ROW REDUCTION LEADS TO A RANK-TWO FACTORIZATION

7 A ¢ = ! 1
= ~ - (1 01
(- -G
e
A= IR 1 2 Kl 0 1)]
A1 2 1)) @O 1 1

2C R -

Columns of C form a basis set for Row vectors of R form a basis set for
column space of A Row space of A

— DN
N W N

1
1
0

S = N

1
1
0




’ Maglcal powers of RREF of a mat

natrix + J

0 Reveals the rank of the matrlx | ank(a) (1) i
' 0 0 0

e

— = e -

) Prowdes one basis set for Column space Col(A) | RREF

J

N

6 Provides one basis set for Row space | Row (4)

~

S
~




Thinking in terms of vectors and orthogonality allows very quick
computation of Eigenvectors

3 =2 1 A =1
A=|2 -1 2 il =2 Find corresponding Eigenvectors.
2 -2 4 4:=3
0 3= 2 1 2 2 1 1
PO 4-17=| 2 -1-1 2 [=]z =2 2|=3(2 <2 Oy =>x=|1
(A-1) 2 -2 4-1 2 -2 3. 0
—_— —
‘
0 3-2 -2 1 L =2 4 1
R =08 4-2]=| 2 -1-2 2 |=|2 3 2]|-(1 0 D)'=x=|0
(4-2D 2 -2 4-2 2 -2 2 )08 1
9 3-3 -2 1 0 -2 1 0
For ,,=3 A-3I=| 2 -1-3 2 [=|2 -4 2|>(0 2 4)=>x=|1 |
(A4 -3I) 2 -2 4-3 2 -2 1)HE J

7~

Ax=Ax
:(A—M)x=0i

(A-AD)Llx
s e

Use cross product

Or
Gaussian row
elimination

J

\.

'+ Conventional Pseudomverse

@ Need eigenvalues and
eigenvectors of A’A and AA”

J




@ o
ecomposition
for Linear Algebra

f/ ; \\ , R is usually obtained using
| c Decompose A with rank r 5 -

A=C

Right null space vector of
mxXr

A can be easily deduced

XK.,

1 1 2 1 1 Gaussian Row elimination
1 2 2l=11 2 (1 0 1) process

I 2 1 1 1

Y R

A

- e e e wm e e - -

c from R
- 116 \ | R,>R,-R,

2 ' Pseudoinverse of A | (i o | B iﬂ
f f 1R e A 129 L0 0 0)

A :RTC 1 1 i ((1 1 2)\|@®orom)[(1 0 1)

e (0 1 1||m——p |0 1 1
C'=C;'=(C'C)'C” Ct=(1/3 1/3 1/3) AT ALRIR7A

1 RTz(lﬁz); | 5 (—} T This is the

e G 2 wsA= | l |
R =Ry =R (RR ) 1/6 1/6 1/6) \ 1 e

AT=RTCT=(

Ordinary inverses 1/6 1/6 1/6

N e e e a————— P



Q MATLAB Code What this code does:

A=l Sl 2 12 30 e 3 2 e 6 Compute the RREF of A and
[R,PCI]=rref(A); % Full R matrix and Pivot column indices PivasEolu i, Ities
r=numel (PCI); % number of elements in PCI 0 ic;ezlthe Huruep oelCments
REREL 9F &) 3 % retrieve first r rows 9 Pt e Fiestir mow.o iR
C=A(:,PCI) ; % retrieve columns indicated by PCI R S o O
disp(A) o indicated by CI

o Display the original matrix A

A " Matrix A (Original Matrix) ( Matrix C (Selected Columns)

disp(C);

1 1
1 2
1 1




If A=CxR, A'=Ri!xC' [4.>4,]]

=iy, ] (|7

l \ A CR , RRI AT RRt xCil

“;_1 5 7
[CL — (CTC) CTJ Ritl v RT(RRT)—I
1+

fcre) eF (e =1 N g [RT(RR")'|=1




For a matrix C (m X n) I ﬂ I
with full column rank, e n U erse Constructing a left inverse

(CTC)-ICT is a left inverse using the normal equations

" Matrix C L
= (2 1 )
Let

=2

9 Compute C7C CTC:(I 2 1)

I 1 =2

© rna(cre)' (o)L (6 . )

~35

0 Form the left inverse (CTC) CT (6 —1)(1 2 1 )_L (5 11 8 )
; 35 =

|
2 1 | = v b is invertible
1 6

Compute (CTC)™ CT. \ I 6 L 1 =2 3515 4 -13
CL‘1
. = 1,
e Verify that C;, 'C =1 e - 1.5 1L 8 5 1 a3 35 0 L 0
L a5 oL =18 e “3500 35 0 1

Thus, C;' = (CTC)"'C" is a left inverse of C.



Right Inverse ’ :
(1 0 1) | . R is a 2 X 3 matrix. | Eie IOV VECEOT

| R = We find a right inverse are independent
0 1 1 using (RRT) .

2.C te RRT
€TINS = 10Nl 1 (1) 2 1 RRT is 2 x2 and
SR = g 1 1 (1) : = 1 ) invertible.

3. Inverse of R o
ST L, o L, o .
T\~! = = — (RR") ==
(RR) 1 4 3\ -1 2 Wl 2
4. Right inverse R"(RR")™ 1 0 : 5
7 -1 _ 1 2 -1 — % | TR
geey= o 1| (2 5) =3
Rr) :

2 -1 o
Ry 1s a
RR},}1 = L =1 2 = . = (1 ) righl’ftinverse
T3 ORI 1 310 3 0 1 of R.




Mathematics.

A unctton maps
mputs to outputs.

Statistics.

Use data to infer
the underlying functwn

Xz | Input

[ Yy | Output

ttoa functton
e output

) e

Give the inp4
to get th

Use input and output data
+o identify the functton

B




P

‘Mathematics.

-
Function generates

data.

L
& |
[ Statistics. (Vis Xi)i=q
Dat erates -
Lol JX)=a+pxxy
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[ Programming. J [ =| Rules | Code r 1
We use rules (code) along = Output ]ﬂll_
~ with data (input) to get . /
the output. [ g Data
\
~ )
Machine Learning. Jil—— L.l
\
We use input data and Rules | Code QQ-J
the desired output to lDIl Output
learn the rules (code).




Input
(Features)

Rules | Code

lIIIIIIiiiiiIIIIII

(Features)

Rules | Code

Output
(Labels)

Input || Input
(Action) f‘ (Action)

Output || Output Code

(Reward)L

Output
| (Reward)

| Input
] (Action)
L

1

(Reward) |




Regression

Find Fit best equation of a line for the scatter data

y=mx+c

X : independent variable

y:Weight

Y : dependent variable

Data points

X:Height

— | This problem can be casted as LA problem | -

\
.




atd II/— @ = it a line
o) ~ Regression et
-~ where columns of C are mdependent

Find the best

1 1 fitting | line! (1 1 (1\
2 1 2 1||m 1
2 2 2 L e 2
3 2
3 1) Sl 3 1) (2
-~ - ~ ~ | — The oints rough’y
¢ W y Follow a line.__ cC w Yy
Use of Left Inverse m
| Use of Left Inverse _ Ci i el ™ | hlt B Yih
Since the columns of C are independent, C has a left inverse. f f ¢ 7 A
Multiplying by a left inverse gives the least-squares solution. design matrix parameters left inverse of C observed

(slope and intercept) data




Regression, Projection, and the Left Inverse

s | Geometry | Linear Algebra

0 Regression Setup e Data and Regression 9 Decompose y =y, +,
(
5 1 e 11 1 i 0
2 1|(w=m)_|1 1 2 1|[m] |1 I _| 15|, (S0 )
D w, =c 2 2 1 2 o o 20504 M e > 2 |15 0.5 Vp=Je
— Nt 3 2 . x S——— W —_—
¢ y 1 2 3 C Y Y Yp Ve

Cw=y

0 Projection and Orthogonality e Geometric Interpretation

1 0
Let +y,=V, It 1.5 =05
Yp T Ve yl Vp I Ve | 1.5 [+ [Ros
2 0
where, y, =w ¢, +w,¢, =[cl C, =
| | | p Ye
C=(c c )
Yo lp, = ¥olic; and 3, Ley = S
» C,

e Left Inverse Solution
From(l)and(2) y,+y,=y=>Cw+y,=y

Projection formula

W,
Ja= chl"'wzczz(cl Cz) [WzJ

CTCW =} CTye = CTy =W = (CTC)_I CTy = CL—ly (oS A )
0 (& w

Least squares finds the projection Yp= Cw of y onto span{c;, cz}, with residual )/, orthogonal to that subspace.



Projection Matrix

Cw=y
Wi
J’p=W1€'1+W202=(C1 Cz)(wz)
\L ~ _J
C w

w=(C'C) C'y=C'y
yp=Cw:C><CL_1y=PCy
PC=CXC£1



( )
S ® s ® © V4
= Properties of Projection Matrices =
\_ )
- N _—
format default A =3x3 P = 3x3
A=[ 1k1' 2;. 123;11 2] | "1 1 h " 0.5000 0.0000 0.5000]
I|;-r'an (ﬁ)< ,A) N A 'A= 1 2 P = -0.0000 1.0000 -0.0000
zr=rre . Y | |
Vel Y ¢ : 0.5000 0.0000 0.5000
R=Rzr(1:2,:): ;@; Symmetric ol t 1 2] l g’
. . 2= :
M = ——
T 1’ . Eigenvalues from ‘ " 0.5000 0.0000 0.5000 ] [~0.0000 |
A_r'ecc.)n=C R; \ {0,1} J|| | P2=|-0.0000 1.0000 -0.0000( || ans=| 1.0000
P=C*pinv(C) ‘\ | 0.5000 0.0000 0.5000 || | 1.0000
P2=P*P e e 7 \
eig(P) | Hence, P is a projection matrix with |
I\ P2 = P and eigenvalues {0,1}. J
L B o e T e




[ Use of Right Inversﬂ

" Given System

Xy +2X, +3x;3=2

xl +x2 +ZX3=3

Matrix Form

1 2 4
F 1.2

s —
R

X1

X3
X3

X

\
|

» Infinite Solution

. Use Méht Inverse

il

Compute RRT

14 9\(wi| _[2]|. RR"is
9 6){w,) |3] invertible
W—/

RRT

|

" Solve for w

= RR'w=b=>w=(RR") b

Take , Hence, the solution x
R X1 .
i To _ pT{poT) !
x, |=Rw=|2 1 (31] =|x, |=R'w=R"(RR") b
2 320 *3 Ry
' We have expressed the solution as Elega"t ’
_ pT Ay R d use ul!
X=R (RR ) b using the right inverse. an//



Regression problem Leading to Pseudo inverse

A5 X5 = Vo

Assume rank(4)=2, y,,, notin column space of A /-\C

Let y, € R? be projected vector in column space. y,=CXC, <)

Ax =y, .Since columns of A are dependent , we have infinite solution H H

(Thinking rowwise, out of three equations, we can eliminate
one equation resulting in two independent equations and three unknowns)

CRx=CxC;'y
Rx=C;'y

2 equations 3 unknowns

x=R, Cy




i Give physical interpretation e Lcol(©)
A _ C R Factorization of A / CRx +e = y )
s (e.g. QR factorization) CT CRx + CT e = CT y
141T —— R T C T Pseudoinverse relation e (CTC)—I CTy i CL—ly

& 2 9 5 & -1 -1
Axcy = Cllrjny iy Rx=Cry = ESSEteey

w Least square error Least Norm

Xp — ATy X p 18 in rowspace of 4

@ HAXR —yHZZ IS minimum



MATRICES
STATISTICS
APPLICATIONS

HISTORY

Ideas
that
endure.

m A Seminal Contribution to the Pseudoinverse

THE PSEUDOINVERSE OF A RECTANGULAR MATRIX

AND ITS STATISTICAL APPLICATIONS
—-—-,‘ By: T. N. E. Greville, Office of the Quartermaster General

3. DEFINITION AND PROPERTIES

OF THE PSEUDOINVERSE

Any nonzero real matrix A of rank r can be
expressed as a product

(4) A = BC,

where the r-column matrix B and the r-rowed ma-
trix C are both of rank r. To show this, let B
be any matrix whose columns form a basis for the
column-space of A. Then a matrix C exists such
that A = BC, and C is of rank r, since the rank
of a product cannot exceed the rank of any fac-

tor. Since the columns of B and the rows of C

are linearly independent, the matrices BTB and

CCT (where the superscript T denotes the trans-
pose) are positive definite, and therefore non-
singular.

-

-

It will be noted that, for a nonsingular square
matrix, these expressions reduce to the classi-
cal inverse. We have also

(6) B a=iod! =T,
and moreover BTA = C, which, together with (4),
shows that the row-spaces of A and C are identi-

cal. It follows that the rows of C form a basis
for the row-space of A.

the pseudoinverse2/ as

FURTHER RESULTS A _

For the nonzero real matrix A, we now define

—_— >

A MILESTONE
IN MATRIX

MATHEMATICS

From
foundations
to modern
applications

We now define the pseudoinverse for the ma- 1 (7) AT = CT BT
trices B and C (and generally for rectangular ‘ = ?
matrices of maximal rank) as follows: \.
(5) gt = (8T)™L &7 ¢t = cTech)™L .
J
@ C @ Modern Applications >
1950s 1959

@ Numerical Linear Algebra
@ Statistics & Data Analysis
@® Machine Learning

@® Science & Engineering

Past Ideas. Lasting Impact.



Pseudo inverse applications
N

EEE and ECE



FIR Filter Structure (Tapped Delay Line)

Input signal
Amplitude ihase

f(t) = 1.Cos(Qt + 0) Cos(Qt) n

W

Cos(Q(t - At)) n

Cos(Q(t — 2A1)) )n

1
1

frew(®) = hyCos(Qt) + h,Cos(Q(t — At)) + ...

Linear System (Solve Using Pseudo Inverse)

1 coswy cos2w, - - cosNw,

1 cosw, cos2w;, - - cosNw

1 cosw, cos2w, - - cosNw,
|1 coswy cos2wy - - cosNwy |

Output signal

Amplitude

l

R
4

N

+ hyCos(Q(t — NAt))

U

[ Rycosdy |

R, cos ¢,
R, cos ¢,

| Ry cos @y, |

Phase

/

= RCos(Qt + @)

*~NJ

L—“

Ly

Filter Design

Using Pseudo
Inverse

Desired Frequency Response

Transition
band | Stop-band

D(w) Pass-band

0 Wp Ws n
Pass-band O<wsw Design
the filter
Transition band  w, < w < w; coefficients
Hosttly, .ol
ing the
Stop-band W <WET 408

pseudo inverse.



Dynamic Mode Decomposition " .. =

4

VoAl 2, ) E " 2 . "« BIOLOGICAL SYSTEMS
R e 1 Data-Driven Modeling of Complex Systems

« ENGINEERING
UNDERSTAND DATA — MODES — INSIGHT AND BEYOND ...

o Data Collection: Experiments l L, Key Reference

Numerical Laborato Historical
= — ‘ e DYNAMIC
- R MoDE .
Data 5 e g i3l DECOMPOSITION
Collection . ; —_— = Data-Driven Modeling of Complex Systems “A powerful
‘ 5 = framework
Simulations, .
; A s . for extracting
Experiments, State Snapshots in Time Data Matrices :
_ simple models
Observations
State Measurements - | | | | from complex
data.”
X

T R
sl 0 |

X2 X3 X4 -+ Xm Schmid | 2010
Xy X2 X3 X4 oo || | [ | Cambridge University Press

Snapshot Matrices

X, (past snapshots) X, (future snapshots)

| | X | |
Xl = X1 L2 o Ipod 2°= | k2 &3 coc dm Approximate the (possibly nonlinear)
| | | | | | dynamics with a linear model from data.

Linear Operator from Data

..ll Revealing the Dynamics

@ Extract coherent spatiotemporal modes
1' A best-fit linear operator ® Build reduced-order models
X2 — A Xl — A — X2 X]. that advances the system ® Analyze and predict complex systems
in time (least squares). @ Applications across science and engineering

—_ ” COMPLEX SYSTEMS.
FROM DATA TO DYNAMICS TO DISCOVERY e naicns



Dynamic Mode




Chapter 9 |

Energy
Fundamentals
of Radio

]QEI. L. DAHLMAN

Foundations for
a Connected Future

((;g)) K

LINEAR ALGEBRA x WIRELESS COMMUNICATIONS
MATHEMATICS DRIVES A CONNECTED WORLD

IT5) Chapter

Moore-Penrose Pseudo-Inverse Applied to the Decoding of
5G and Beyond (B5G) Communication Systems

From Theory
to a Smarter,

This chapter explores the application of linear algebra in wireless communications, with
a focus on the Discrete Fourier Transform (DFT) or Fast Fourier Transform (FFT), least
squares, and multiantenna systems. The chapter begins by explaining matrices as tools
for linear transformations, such as rotation and reflection, and delves into matrix
multiplication and the distinction between row and column vectors. The discussion
then moves on to orthonormal basis vectors, their role in spanning vector spaces, and
their utility in decomposing vectors. The singular value decomposition (SVD) is
introduced as a powerful tool for understanding matrices as linear transformations.
The chapter concludes with an examination of least squares approximations, their
applications in wireless communications, and the use of the pseudoinverse in solving
overdetermined problems. The central theme is the application of linear algebra in
wireless communications, with a focus on the DFT, least squares, and multiantenna
systems. Key arguments revolve around the use of matrices to perform linear
transformations, the utility of orthonormal basis vectors and SVD, and the practical
application of least squares in approximating nonlinear input-output relationships.

e emmSES

More Connected Tomorrow

Ui '
'ul
ﬁ’-

‘ »

-
.« L

lll
DFT & FFT

A

MULTIANTENNA
SYSTEMS

1 5]

MATRIX
TRANSFORMATIONS

LEAST SQUARES
& PSEUDOINVERSE

MATHEMATICS ,‘
COMMUNICATIONS
REAL IMPACT

.

Linear Algebra
Enables

a Brighter Connected World



Back to ML



Linear to Non-linear Regression

~ O(x)a
Use a nonlinear feature mapping to fit a linear model in a higher-dimensional space Y @
S Non-linear relationship in input space
Training data P PUS2P
i @
N0
3 x i /@ N @ Data with a
1 Y1 y ® PN ® /)./ nonlinear pattern
i)
X2 Y2
5
X
Polynomial feature matrix Coefficients Target vector
i xn yn ] r 3 ) N - N r ~N
o a1 a V1
Pairs of inputs N 3 2
- O(x) L a3 s
: , 3 2 1 a
Nonlinear feature mapping 3 X, Xn, Xp . L A4 " Vn J
(e.g., polynomial features)
Nonlinear features Linear model Predicted
(up to 3rd order shown) parameters targets

A linear model in the transformed feature space solves a non-linear regression problem.



Classical machine learning

o/ .
o _// Mapping from
w [nput |',*’O °  features

©

H ﬂ Hand-Designed
features ;

| | | ( @ - Output

Acquire knowledge, by extracting patterns from raw data.

Features Colour {Green, Brown, Gray, Other} Has wings?

Samples
ZIN ™ <
M ) X \"\ Antennae
q *‘ & /

M/ ’ : ' ‘/ length
: \ p IR R — Size

Features value for the given scan diameter Leg




Y L) ® S
Insect Classification Example uopsmowe, ...

Insect Anatomy and Measured Features

ent Data Decision Tree for Classification

' ; Insect | Abdomen | Antennae
Colour (Green, Brown, Gray, Other) i Has wings? D Length Cength Insect Class ‘ ( Abdomen Length > 7.1? }
Abdomen length ; / | 27 55 | Grasshopper / \
I . 2 8.0 91 | Katydid A
@ : - : no | yes |
.‘ |3 0.9 4.7 Grasshopper ‘ —
e BRI Y { 4 e s e Grasslfopger i Katydid
= — 2174 e , | 5 5.4 8.5 Katydid Antenna Length > 6.0?
\ & o= 4 6 2.9 1.9 Grasshopper
). ) ( (\ = i sl |
\ 7 6.1 6.6 Katydid / \ \
— - — e no yes J ~ . _jerules
8 0.5 1.0 Grasshopper I I Simp g insects :
i e —— e 3 \
dsig::‘aectf' ‘ ’ = =2 s [Grassho r] [ Katydid ] czr\‘n;?“e =
— U
Leg length Leg length | 10 8.1 4.7 Katydids ppe

Grasshoppers 10 - —ps— Katydids ‘ A Simple Classification View
= _ . e e 0 . Katydids Key Takeaway:
e I 2 o i .
B - . \ £ 81 | e Measurements like
g ® ® i [ % 6 - :. : m abdomen length and
g . .. e = s s © I . antenna length can be used
§ ® g 4 1 L S to classify insects such as
5 21—+ Remember this example? g 5 .°. .G. n grasshoppers and katydids
. @ Let's get lots more data... o o o (’:r’;sdigtgdp)e’s with simple rules.
L] 1 1 T ) L) L) T L Ll 1 o - T - T T - - T - 1
0 < 2 3 4 5 5 6 T 8 "9 10 o 1 92 i3 4.6 6 T8 9 10
Abdomen Length Abdomen Length




— Decision Tree -

Gender { Age

Male 20 Normal A Blood pressure

1
2 Female 73 Normal B
3 Male 37 High A

High Normal Low
4 Male 33 Low B i
5 Female 48 High A v v
6 Male 29 Normal A Age
T Female 52 Normal B
8 Male 42 Low B

<40 > 40

9 Male 61 Normal B J
10 Female 30 Normal A \
11 Female 26 Low B [ Drug A ] [ Drug B ]
12 Male 54 High A

Table Medical Data

Data - Model — Better Healthcare ”



o Decision Tree

D | to
D @ .
'oWes Regression based

Classification JECEN

L e




Categorical Data to Numerical Matrix Representation &

FOR

Convert categorical features into a numerical matrix (e.g., one-hot encoding) MACHINE LEARNING
Weather Dataset (Categorical Features) Numerical Matrix Representation

1 Sunny FALSE v 5 3 =l ke 1l
= ’

2 Sunny Hot TRUE No
3 Overcast Hot FALSE Yes Al e R
4 Rainy Mild High FALSE Yes -10 1 -1 11 0
5 Rainy Cool Normal FALSE Yes =4 =l <l =i 1 0}
6 Rainy Cool Normal TRUE No =1 =1 =i 1 0 1f;
7 Overcast Cool Normal TRUE Yes A = 0 -1 -1 1 1 O0f;
8 Sunny Mild High FALSE No Categorical 1 0 1 -1| |0 1};
9 Sunny Cool Normal FALSE Yes 2 Nume.rlcal 1 -1 -1 -1} |1 O}

Encoding

10 Rainy Mild Normal FALSE Yes -1 0 -1 =1| |1 o
11 Sunny Mild Normal TRUE Yes 1 0 =1 1 1 0f;
| 12 Overcast Mild High TRUE Yes 0O O 1 1 1 0}
13 Overcast Hot Normal FALSE Yes 0 N [ | 1 ol
’
14 Rainy Mild High TRUE No -1 0 1 1 0 1 ]

Same information. New representation. Ready for machine learning! (v ohene VLIt (e B



4 pective
. |
Nr\iore insight’

1
1

1
1
1

1 -1
1 -1
1 =1
1 -1
-1 -1
| 1
-1 1
1 -1
-1 -1
-1 -1
= 1
1 1
-1 -1
1 1

14 samples x 4 features

‘% Weather Dataset

Feature Matrix A,,,,

Label Matrix y, 4.,
= R* - R?

0 1
0 1 Project 4-dimensional weather data
1 0 into 2 dimensions for visualization
1 0
1 0 Original Feature Space (Conceptual)
0 1
1 0
0 1
1 0 @ Class1
1 0 @ Class0
1 0
1 0
1 0 @ Linear Mapping via Matrix Multiplication
0 1 -
A14x4 w4x2 e yl4x2
AT
14 samples x 2 classes w W A y

Same data. Lower dimensions,_ Clearer structure.

»

From .

h;gh—d(menﬂg Lo
az

F@aturesto/—"‘

y\af

@ Class1
© Classo

Data = Insight — Better Decisions



What if Data points are not linearly separable?

From a Complex Problem in Low Dimensions...

©
® .. o
@, o® .- m @  Feature
|
@ H 'l ”i >
s \\l l/’ O
[2) ® "\ Separating
hyperplane
Complex in low dimensions Simple in higher dimensions

S

Map to higher dimension
There are explicit and Implicit mapping methods.

Support vector Machines , Kernel Methods




Neural Network: From Inputs to Outputs

Data
Mode' o
/; predict'o A simple example of a fully connected neural network
Input Data (Matrix) Neural Network Architecture

Each row is a sample with 4 features Fully connected layers with nonlinear transformations

(values: 1, 0, -1)

Hidden layer
1 1 1 -1 Input layer 10 neurons Output layer
1 1 1 i 4 neurons ‘ 2 neurons
0 1 1 -1 ‘ 7

-1 |0 1 | -1 X ‘.\ ‘ \

-1 -1 -1 -1 ‘

4 3 | =l 1 ‘ .
O (N W 1 X2 ‘ D —
1 0 1 -1
1 -1 -1 -1 % ‘ . ‘ e

2 | o | A | =2 @ V2
1 0 -1 } ‘

0 0 1 X O
0 1 -1 -1 ‘ '

-1 0 1 ‘

INpUEShape. (14,5 Input — Hidden (RelLU, etc.) —> Output (e.g., Sigmoid/Softmax)

ild
b;,,redict

Output Labels

Target class for each input sample
(values: 0 or 1)

O B B = = = O B O = = = O O
= O O O O O = O B O O O K, 1=

Output shape: (14, 2)




N/ Tl e N
- SRR <

Root
f%%) Regression based

b3 @
_ o0
i

!(l3ii12'




2 - From Categorical Data to Numerical Features
Example: One-HoOt Representation for Medical Data [isvhensimi &
( o a . . \ ( \
G Original Data and Decision Tree 9 One-Hot Encoded Data (Table 2.1)
Medical Data (Original) [ Decision Tree for Drug Recommendation ] BP BP BP | Drug Drug |
‘ S.No | Male | Female | Age 2
0 Gender | Age BP Drug | Normal | High | Low A B
L 1 Male l 20 ) Normal | A Blood pmre T s i = == ———
2 | Female 73 | Normal | B 1 1 0 20 1 0 0 1 0
3 | Mae | 37 | High A High
5 | Female | 48 | High | A
6 Male | 29 | Normal & A [ Drug Drug B . . $ o 0 : . : 0
7 | Female = 52 | Normal | B 4 1 0 33 0 0 1 0 1
8 Male | 42 | Low | B
9 | Mae | 61 \ Normal | B 5 0 1 48 0 1 0 1 0
| 10 | Female | 30 Normal A
| 11 | Female | 26 | Low | B L D"“gA [ 6 1 0 29 1 0 0 1 0
(12 [ Mae | 54 | High | A
\. J 7 0 1 52 1 0 0 0 1
4 B
9 One-Hot Encoding and Regression Model S ur e 0 0 1 0 1
Convert nominal and categorical variable into one-hot representation. 9 1 0 61 1 0 0 0 1
Class label is changed to 1-hot representatlon
y : 10 0 1 30 1 0 0 1 0
| Class1=ClassA — [1 0] | | Class2=ClassB — [0 1] | ||
‘ — ‘ — 11 0 1 26 0 0 1 0 1
Thls is shown in Table 2.1.
) - A" denotes the
1- | Moore—Penrose
W = A X y | | pseudomverse of A.
\ k 2 s E = 4 Data = features — Zeam/}r;« - Better tealtheare m




From a Complex Problem in Low Dimensions...

Data in original space

® —_? ° O Class 1
',a . ‘\\\ . ClaSS 2
i Ba™
o | O 3 ®
\ Hy
O [ @ O O~ @ >
N mm g
® ... i O
® © Separating
hyperplane
Complex in low dimensions Simple in higher dimensions ?
Data, Feature Map, and Model Solution for the weights
Original data matrix Labels Feature map 5 i —
1 06 T 041 Wi W | " 1 4 1
A= 0 _01 Y= i 8 Let us map each x = L tog(x)=| x? ¢ 3 1 1
=l 2 o =l X 5 | Wi1s Wes | £
0 2 0 1 x2
-2 0 01 r T
o -2 FOSTS! Let us find the training accuracy.
Mapped data matrix Model (linear in feature space) g 104
Rl I e TG e o L b
L | L 0™ 10 1(1)(1) 14—1 igAccuracyis
e } (1) (1) Our model now is i (1) (1) Wi Wy P i g A¢W= T 40 2 RETIELE="] 0 1 100 %
T 4 o ‘ 140wz wn|~|, 1 10 4 -1 1 0 1
140 14 0 01 [ 0.4 0 1|
100, 4. 159 e g | iy




Backpropagation free NN Learning

Neural Architecture and Pseudo Inverse learning
With Random (Fourier) Features- H = ¢(B x X)

Data Matrix

\ 4

i
\

A

h(x) = ¢(Bx)

H=¢(BxX)

Random features + Closed-form solution

Label Matrix

¥
Y

Model Equations

B — Matrix with elements from N(0,1)

Ax¢(BX)~Y
A=Y x H'

#(x) = cos(x +¢)

Fast, simple, and effective learning



A MILESTONE

Kernel Machines

LEARNING ‘% Authors: Ali Rahimi and Benjamin Recht LEARNING

The Random Kitchen Sink (RKS) technique, fundamentally known in machine learning

as Random Fourier Features, won the prestigious NeurlPS (formerly NIPS) Test of Time Award
in 2017.

ARt s 2017 Tk of Tne v resrsin \WSEIESRANDOMIZATION IS
e COMPUTATIONALLY /
' CHEAPER THAN
OPTIMIZATION

Despite their simplicity, learning models based
on random features can give you strong baselines
in just a few seconds.

+ FAST O SIMPLE il sTRONG BASELINES

IDEAS TODAY. BRIGHTER TOMORROW.

NEURAL INFORMATION PROCESSING SYSTEMS (NEURIPS)



X ¥y z=x-y
oo \
Rn Rn Rn

0 f(z) & F(w) — Fourier Transform pair, w € R"
e k(x,y)=f(z) =k exp(-z TZ) — Gaussian Kernel

Q f(z) =k exp(-z 72) - Interpret as Gaussian pdf

Q F(w)=k,exp(-0'w) - Interpret as Gaussian pdf

sum

e f(z):J F(w)ej“’rzda) - InterpretasE(ej“’Tz)

Expectation over random frequencies

jx" o j(x-y) o,
N e i N iRE i
E(eijz) ¥ Lzejwfa _ LZ x| _ lz o/ (5= 0,
N4 N 4 ‘ N 4
i=1 ]=l ® ]=1
ol x" oy el (x-y) oy
\ ) L

\

J

Random Kitchen Sink Algorithm

-

Random feature representation

@ N f )
WIS elx o el @
i(x-y) @ ixT iy T
oo | Lo | | e | i) ()
j(x-y) @ jxT jy' @
o | e e
Where is -sign?
/_T\ & T =)
e/ @ cos(x @)
T T
e!* 22 cos(x @
¢(x) > e/ ( . 2) > COS(Wanxnxl)
el on cos(x"wy)
e Ty e N/
e — N
Werandn(N,n) | . 5 . H 4 5
B«W R7 N

e




Random Features

Single Hidden Layer Network via Linear Algebra [

Hidden feature matrix

MATLAB / Octave Code Simple. Fast. Effective.

% n input dimension
% m middle layer dimension
% k class label dimension

Output layer (closed-form)

W, xH=Y

0 O T | W0=YxHT
%load data X,Y H=¢(WxX)/ & \
W=randn(m,n) ;
H=cos (W*X) ; Input data matrix E Output label matrix
% WoX~Y g "/0 B y

—‘

n samples (columns)

o i SO0 o N DL/' f']'“”'['f]"ﬂﬂg

! i Prediction for a new input
Random nonlinear features + linear readout

for classification. Vprea = W,x ¢ (W X xnew)

From data to predictions,

Matrix View ¢ Random Nonlinear Projection ¢ Closed-Form Solution ¢ Simple yet Powerful with linear aloabra.



\

:{WUnknown
/
@WXXzY then W=YxX"'

Data and Label vectors as columns of X and Y

aXXWzYthen W=X"xY

\ Data and Label vectors as row vectors in X and Y



SYSTEMS
A BETTER
TOMORROW

Banff Center, Banff, Canada, October 5-8, 2017

CANADA

2017 IEEE International Conference on Systems, Man, and Cybernetics (SMC) o~ M | e

Autoencoder, Low Rank Approximation and
Pseudoinverse Learning Algorithm

Ke Wang*, Ping Guo™*, Xin Xin*, and Zebin Ye*

Autoencoder: Autoencoder Architecture

An autoencoder can be viewed as a particular case of multi-layer Hidden
; z " : : Input feature vector OutAput
feedforward neural network, in which it has one input, one hidden x ’\ y x

and one output layer. Training autoencoder can be considered as I Encoder )
- ; ; \ : - O|— Decoder —
unsupervised learning, because it sets the output vector as the > o el -4
same as the input vector . An autoencoder contains two parts: =

“encoder” and “decoder”. The encoder encodes the input vector x

into a hidden layer feature vector y, which is realized by linear ‘- --—————- Rec°"'°‘}c“‘f t;e 1D
mapping and nonlinear activation function, and a decoder.




= b

- -

B W — Initial =

| W, Final v

r .
Input Hidden representation Reconstructed
(d-dimensional) (reduced dimension) (d-dimensional)

Figure: Dimensionality reduction using autoencoder

Using ¢ (General Nonlinearity) ' | Using Cosine Nonlinearity
H=¢(WxX) H = Cos(W x X)
WHxX=W,=XxH' W H =X =W, =X H

W,xX ~ ¢~ (W] X) W,x X = Cos™ (W, X)
I’V(3=(¢_1(W;X))><XT We=(¢'1(I/VJX))><XT




SYSTEMS

Autoencoder, Low Rank Approximation and Pseudoinverse Learning Algorithm | ' W g %ﬁ PEOPLE

2017 IEEE International Conference on Systems, Man, and Cybernetics (SMC) A'BETTER

Banff Center, Banff, Canada, October 5-8, 2017 e A * ¥ . 7_1 s CANADA TOMORROW
c Data and Dimensions Autoencoder Structure Data Matrix X
Xis(dxN) —» X' is (N xd) P

N
p = BDim(x), B € (0,1]. X d Wen Wde : X = dIIIIII

Beta is reduction factor

: Xis(dxN
0 Encoder from Pseudoinverse is (d x N)

W, = ( XT)pxd 4mm Take prows Autoencoder-1

Hidden Representation
H=¢(W,X) — (pxd)x(dxN)— (pxN)
o Decoder (Reconstruction)
We Hoe K= W= X H Alternative
7 = _1 to direct PI
We=XxH (HH +6’I)

(@) Key ldea

i T 5
Reassngn Encoder Wen = Wde - Reassign ® Autoencoder learns a low-rank representation
N using pseudoinverse.

G Input to Next stage (pxd) (dxN) ® Encoder: take the top p rows of X".
w= I

® Decoder: closed-form solution via least squares.
H = Wen x X — (p x N ) @ |Input to next stage: the low-dimensional features H,.



Stacked Autoencoders (I

Unsupervised Layer-wise Feature Learning (et )

Each layer learns a higher-level representation of the input.



Analytic DNN Traine

r
for +2 students @

N N
27 IISSST7O~
AYESKEL DEDEEZES () e Outout
Input < Q'«:‘,é.y W;’;:‘% "“;\. . P
Layer SRSE NSRS ayer
zA\‘\‘v ’ V,,,-‘v‘v NS
: QZ—"C
L ) L 4 J
Hidden Layer 1 Hidden Layer 2

Pseudo Inverse learners (PIL).
No backpropagation. Suited for Schools

Q | All weights can be found out by Pseudo inverse




Closed-form Feedback-free Learning with Forward Projection

[ Layer 1: Construct _er ] ( Closed-form solution for W, j ( Layer 2: Construct Z, ]
o AWM=z =>W=4z W 7 ¢(40,)+4(1U,)

~ Z. =AW . O 6
Z, — A =+ YU I 9 = i
L 8(4,0)+¢(10)) A=Al Z) W, =Z,A, 2 2

Input X |/ \ Output Y

\ (x| X 4x3 53{1? 4x10
/ _‘ | l |

| = v 3x5 4x5 ‘ 5\1\6*\"} | 10 %2 L J
- 4x3 3xsﬁy 2 i e S A% 2

_______________

Closed-form feedback-free learning
with forward projection



SIMPLER MODELS

Research Joumey: Toward Backpropagation-Free Learning —— cericirer inreLuicence

A MORE OPEN TOMORROW

2017 Autoencoder, low rank approximation and pseudoinverse learning algorithm

1. An efficient and effective deep convolutional kernel pseudoinverse learner with multi-filter
2. Pseudoinverse learning algorithm for fast sparse autoencoder training

A robust automated machine learning system with pseudoinverse learning

[

Different
. Can we build a generative model without back propagation training? Learning
2. AM-RP Stacking PlLers: Random projection stacking pseudoinverse learning algorithm A Brighter
based on attention mechanism. Future
3. Can we build a generative model without back propagation training? G
1. Bi-PIL: Bidirectional scheme for multilayer neural networks
2. Synergetic Learning Systems: Interpretation of Deep Learning Using Physics
1. Closed-form feedback-free learning with forward projection o
2. SAL: Selective Adaptive Learning for Backpropagation-Free Training with Sparsification I1h AT
3. Backpropagation Free Transformers TOGETHER

FROM ALGORITHMS TO A BRIGHTER TOMORROW SCIENCE o LEARNING . HUMANITY



Linear Feature Mapping and Reconstruction

Forward Mapping X - H — Y and Inverse Mapping Y > H, - X
Hidden Features

avd ||

B ° P I L X Neural Network (Forward Mapping)

v«

WxX

Output Data

O W, [
Vorea =W, x (W x x,,,) /

Neural Network (Reconstructlon / Inverse Mapping)

5 bop

WX ~ g7 (H,) n\n/' W,H, ~ Y
W,=¢~(H,) X' L¢—1(Hb) H,=W)Y

Reconstructed Hidden Features

ATCLRCIRAD =

Learn features, predict outputs, and reconstruct inputs.



Full connection

./\

f’ 3 =) output

Gabor [ acadoss PIL1
kernels

Gabor features



DNA sequence classification based on MLP with PILAE algorithm

DNA sequences

AR TR

1 T |
| |
!

Methods

Xception
(pretrained over

saved model) .

Xception
(pretrained over

ImageNet)

VGG16

(pretrained over
saved model) .

VGG16

(pretrained over
ImageNet)

® . | Imagepassed |/

directly J

Flatten

/

PILAE




Representative Works on Pseudoinverse Learning for Image Recognition _“'_ Resear

Inspire® S
Feature Reuse - Autoencoders - Image Filters - Computer Vision ————— = P%res

Image Recognition Based on Combined Filters E DensePILAE: a feature reuse pseudoinverse
} with Pseudoinverse Learning Algorithm learning algorithm for deep stacked autoencoder

Xiaodan Deng, Xiaoxuan Sun, Ping Guo, Qian Yin Jue Wang!? - Ping Guo? - Yanjun Li*

Received: 15 May 2021 / Accepted: 26 August 2021
© The Author(s) 2021 v

Fast Image Recognition with Gabor Filter A VEST of the Pseudoinverse Learning Algorithm
and Pseudoinverse Learning AutoEncoders

Xiaodan Deng, Sibo Feng, Ping Guo@), and Qian Yin

()
Image Processing and Pattern Recognition Laboratory,
Beijing Normal University, Beijing, China i ‘

dengxiaodancvc@l63.com. sibofeng@mail.bnu.edu.cn,
ingian@bnu.edu.cn

g From Algorithms to Intelligent Vision Same Ideas - Broader Impact




Diffusion Models

IOnJ

Self attent

Transformers




| Variational Autoencoder ’\I

/.

.............

( 2000 ‘:
o, Q111 I
/4 W, i Z @ W @

2000 e 1 ! Q9 i 5 VV6 2000
g 2 @ || b O )iz @, Sl
X784 X [ [ X 84xd
X ‘ : ‘ @ ‘ TR ‘ X

W=Hf ' i &
.\ L : ‘/.

!

784 Neurons

-
!

d Neurons

‘ Latent dimension=8 /'
e > T

T T 784 Neurons
d Neurons d Neurons d Neurons

2000 2000 2000 2000
s2@ |l -TH0IDD -H0END-DAAON
H1 H2 H2_RC H1_RC

Learn a low-dimensional representation, reconstruct the input



From Ideas to

‘ Implementations
«2 References, Code, and Dataset \

for Better Al

Reference 1: Compute-efficient and backpropagation-free

pseudoinverse learning for neural networks: A comprehensive survey — Dec, 2025 E%
e Reference 2: Can We Build a Generative Model without Back Propagation @
Training?. 2024
9 Reference 3: Synergetic Learning System Based on Swarm of Non- @
Gradient Learners

@ { COde: GitHUb = l’thhth/PlL-VAE </> Open Source

for Reproducible Research

Data used: Fashion_mnist. 70000 28x28 data with 10 labels. il Classic Benchmark

o for Representation Learning

=R OnOEnC0000sE



New Model

Interpreting and Improving Diffusion Models from an
Optimization Perspective

oo o
Frank Permenter* Chenyang Yuan*
Toyota Research Institute Toyota Research Institute
Cambridge, MA 02139

Cambridge, MA 02139

frank.permenter@tri.global chenyang.yuan@tri.global

2024

O . https://github.com/yuanchenyang/smalldiffusion/tree/main




Combined distance measure — Distance to a
group of points- Soft min distance

O ‘ The authors proposed a new composite measure which is defined as follows

dist: (x,0) = -0’ log

,
_”xo—x

HZ \

25°

\

!,

-



Gradient of the Squared Soft-Min Distance

A smooth approximation to the gradient of the squared distance to a set K

( Gradient Formula Soft-min distance 1
2 |

V. (distf( (x, a))2 < R 2 =ox& (x,0)

The gradient of the squared soft-min distance is a scaled weighted average of (x, — x).

202 weighted average

Z (xa = xo) eXp(— ”Xa - xOHZ) g'(x,0)isa

* xhek B
g (x ’ 0) ) = = - direction, and

Z |, — x| v, (disty (x,0))

¢ K = 20? =0 x & (x,0).



Gaussian Weighted Error Vector

The error vector at x is a weighted average of differences to training points,
with Gaussian weights.

—

‘ Weighted Average Form [ 2
Z ( " )CX _”xa—xO“ Gatssi tepe
X — Xo P 757 aussian weights
% xoeK \ 0] give tP;lgher welgh; to
e nearby points an
g (x’ 0-) | X X ”2 lower weight to
ol Z exp - o distant points
20°
X0 € K

Linear Combination Form

PP S, TN S S M.
T 1 ¢

weight for x; weight for x, weight for xy

Error vector is a linear combination



SUPPORT VECTOR MACHINES wrccues g @ /Huchine Ly

) ° o B . ° ° g i C/;eml:ff/f
¢/ andTheir Application in Chemistry and Biotechnology Souterers TR EID ob 7 ciances
|* ™™ PREDICTIONS and L :

DATA e MOLECULES e BIOLOGY e BETTER PREDICTIONS REAL IMPACT

° L3
Support vector machines Support vector machines |, “eERomes
0 > PROTEOMICS
QSAR o ‘
and QSAR/QSPR QSPR applied to OMICS study = =m= == oo
e R B UEMEE @ BIOMARKERS
- PRECISION BIOLOGY
Contents
6.1 INEEOAUCHION «...ooooee s 115 Contents
6.2  Quantitative Structure-Activity/Property Relationship .......ccccccovcveiccirrcennnns 116
6.2.1 History of QSAR/QSPR and Molecular DeScriptors .........ccuuummeeees 116 81 InHOAUCHON: - iiiiiimmnniinmvinoms SR 173
622 Principlesfor QSARMOAEING wiuiuiiussisusisisissssnmmsiisiinsinsissismicessssisisnsiiss 119 : _—
6.3  Related QSAR/QSPR Studies USING SVMS ... 120 e s S L b2
6.4  Support Vector Machines for REGreSSion ...............c..oooooooooeesreomseeessoesseesse 121 83  Support Vector Machines in GENOMICS ........c.ceuemriiirisiniiniiniinnins 175
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4. olecular Modeling and Descriptor Calculation ............cceeceeeunreeene c1s .
643¢ Featurs Selection Weing a.Geeralized Peptides in Proteomics............ AR SRRV SRR e R SR A A 179
Cross:-Validation Propraimas i s s 122 8.5 Biomarker Discovery in Metabolomics Using Support
6.4.4 MOdel lntel‘nal Validation .............................................................................. 125 Vector Machines .............................................................................. 188
6:4:5) JPLSIREEIESSIONIMOACL S  ..ole.. oo rinmmsssmmsscessissimmsniisnssonsomsssasmmontibissssinsssasatts 126
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6.4.7 SVR Mod‘e.l e e 127 D B i GO e s s ot syl 190
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KNOWLEDGE DRIVES DISCOVERY




... SupportVectorMachine %"
e nChemistry s ®

_ TOMORROW 5P
h— v

vl

Support Vector Machine (SVM)

Contents:

Finds the optimal separating hyperplane

@ Support Vector Machine
A + ) g;’;LT;Ln & @® Kernel Functio.ns | '
P / @ Feature Selection Using Support Vector Machine
@ Principle of Atomic or Molecular Parameter-Data Processing Method
S @® SVM Applied to Phase Diagram Assessment and Prediction
g @ @ SVM Applied to Thermodynamic Property Prediction
:Lg @ SVM Applied to Molecular and Materials Design
@® SVM Applied to Structure-Activity Relationships
P @® SVM Applied to Data of Trace Element Analysis
Class B ® SVM Applied to Archeological Chemistry of Ancient Ceramics
Hyperplane @® SVM Applied to Cancer Research
Margin @® SVM Applied to Some Topics of Chemical Analysis
Support vectors
| @ SVM Applied to Chemical and Metallurgical Technology st
J "Meets

- [ feM
» e [ .

FROM CHEMICAL DATA
TO MEANINGFUL INSIGHTS




Data Mining for Materials Science:

A Jupyter-Based Tutorial for Students and Instructors

Valentina Miranda and Carlos Jimenez-Orozco* @ https://vmiranda4.github.io/materials-data-mining/intro.html

DATA MINING

The Materials

Visual Abstract Project -
i - "=y FOR MATERIALS

matiminer " SC|ENCE
jupyter  pymatgen \"J

S’

COMPUTATIONAL
ANALYSIS

e Jupyter Notebooks
e Data Analysis

e Machine Learning
e Materials Discovery

[0}
‘e
=]
STUDENTS & INSTRUCTORS ' l I

Learn - Explore - Apply
DATA FEATURE MACHINE

[ﬁ\‘ c ACCESS EXTRACTION LEARNING

:

e m @ From Materials Data to New Insights
@ e )

MATERIALS SCIENCE
Experiments - Data - Knowledge

MATERIALS INSIGHTS
e Structure & Properties
e Visualization

® Accelerated Discovery
e Real-World Impact

MATERIALS DATA

POWERING THE NEXT GENERATION _"@'_ LEARN BUILD e®e TEACH ADVANCE
practical skills fa» i open tools a sustainable future FOR A BRIGHTER TOMORROW

OF MATERIALS INNOVATORS ‘ 2 with real data




-2 Washington University

~ ; ; S N + Al + A BRIGHTER TOMORROV . 19 LECTURES
=l St Levis : kel AR Lecture Series K Em o moRRa
Lecture 1 - Python Primer ol
Lecture 2 - Pandas and Plotting .||

Welcome to CHEM 5080:
Al for Experimental Chemistry

Lecture 3 - SMILES and RDKit
Lecture 4 - Chemical Structure Identifier
Lecture 5 - Regression and Classification

Lecture 6 - Cross-Validation

o

KVJ‘°°°°°

(
&

9 Washington University in St. LOUiS Lecture 7 - Decision Trees and Random Forests
Lecture 8 - Neural Networks
B3  Fall2026

z Instructor: Zhiling “Zach” Zheng (he/him)
Office: McMillen 411 | Web: Deep Synthesis Lab | Email: z.z@wustl.edu

1

R
(o
hu

Lecture 9 - Graph Neural Networks
Lecture 10 - Property & Reaction Prediction

Lecture 11 - Dimension Reduction for Data Visualization

Lecture 12 - Self-Supervised Learning

Lecture 13 - De Novo Molecule Generation

CO https://zzhenglab.github.io/ai4chem/intro.html

Lecture 14 - Bayesian Optimization for Synthesis Conditions

Lecture 15 - Multi-Objective Bayesian Optimization

BJIOMDAXBEEIYERR O

/ c whes
/t/{ ot » Lecture 16 - Reinforcement Learning
2L Lecture 17 - PU Learning
] 44 0 . v@ry Lecture 18 - Contrastive Learning
: f'//l“ ,ﬂ.J'i/e/ryv‘ 0 plsoo
J D v -
1% //_ /‘ Lecture 19 - Transformers




Scikit-fingerprints: Python library for

//’\
o scikit-learn compatible molecular fingerprints f
and chemoinformatics /j
J " J
lakub Adamczyk*# and Adam Staniszewski-

scikit-fingerprints

v/ Molecular fingerprints
v scikit-learn compatible License: CC BY 4.0

1000 e 15[ 20, [P OR|e 1

v Openisource arXiv:2604.27810v1 [cs.LG] 30 Apr 2026 Molecules — Fingerprints - ML
+/ Chemoinformatics tools

Hyper-Dimensional Fingerprints __; IE
as Molecular Representations -

Slal=[s[=

High-dimensiora

representation
Jonas Teufel Luca Torresi André Eberhard
https://orcid.org/0000- https://orcid.org/0000-
0002-9228-93951 0003-2205-67531
Karlsruhe Institute of Technology (KIT), Karlsruhe Institute of Technology (KIT), Karlsryhe Institute of Technology (KIT),
Institute of Nanotechnology (INT), Institute of Nanotechnology (INT), Institute of Nanotechnology (INT),

Kaiserstraf3e 12, Karlsruhe, Germany Kaiserstrafde 12, Karlsruhe, Germany Kaiserstralie 12, Karlsruhe, Germany






J:]- Derive SVD from a Data Science Perspective

N

_‘@’.

N\

(e (Matrix form] R ( ( S;catter Plot of Data |

Mean at origin

3

' 4 = .
o ( Given: 2-tuple data points
. Consider following scattered 2-tuple data points. X, Vi
Data is centred at origin. That is, means (averages) A= .
of both variable (X and Y) is assumed to be zero for )
convenience in explanation and visualization. X500 Ys00

N\

(A=mvnr‘nd([0 0],[1 9.8;06.8 1],500);
plot(A(:,1),A(¥,2), ' *")

line([-3 3],[@ @]) Az[x y]’ g ATA:(

Considering each column as a vector, we have |

|

|
B

x"x xTy i &
y'x yy

line([@ 0],[-4 4]) vy =52 |l .
1 L J 9 Symmetric ) & _':: — = . 3‘__~: ‘J
: T z )
5 9 Which direction is the data most spread in? (_Projection and Best Direction |
. 41 " Point for Projection P, - - - "./_‘,‘
We ask now the question, in which direction, @ The direction of
the data is maximally spread? | m:"'?“m spread I |
To answer this, we take a 2-tuple unit norm vector (say v) and co::;o:en:s(te?gr;:(\:::;or)
project all the data points (each 2-tuple) on this vector and find of A7A. |
signed length of each projected vector. T :
\ J ’
So, we take a 2-tuple unit norm vector (shy V) and prOJect all the data points on this vector and find ajo:o |
L signed length of each prOJected vector. P ooﬁ;: i




Dot Product Using a Unit Normal Vector <

\

1. Choose a unit normal vector 2-Projection of row vectors of A on to b vector

r 3
X1 N

with vTv =1 : ’ give the numbers obtained by 500
i ) . dot products as a vector.

4|

: . L X500 Y500,
(so v is a unit vector) \ /

A

A

(/3. Sum of squares and relation to vTATAv>
4 {2 &
) So, the sum of squares of those numbers s S (AV) (AV) => (V A Av)lxl

{ It is a measure of spread along v. This is \ /\ u u

@ The sum of squares of the components of AV isequalto v/ A'Av. =




@ Finding the Maximum Spread Direction %\/'\

Using Lagrange Multipliers and KKT Conditions <1l

J
0 The Problem ) (b Form—ulati—o@ k

. We want to find the direction of maximum spread So, the formulation is:
| as an optimization problem with the constraint
| |
I\
' This means the vector must have unit norm.

iy =1 [Argmax v'A"Av  with the constraint v’y =1 J
= 1. .

Take Lagrange function and find solution based on KKT condition.

| Why this constraint? Because we are interested only in

the direction along which the data is spread. [L(v, ﬂ) =vA"Av - A (VTV = 1)] |
KKT Conditions
9 ‘ ) a ~ Optimality Condition W
" 1. Derivative w.r.t. v 2. Derivative w.r.t. A The optimality condition,
I To=
9L _sa™av-2v=0 g ZL-vv_1-0 (A"Av = v
ov oA does not directly give us a solution
for v. Instead, it tells us that
1& = | 7k — | )
L o [A Ay = AVJ 1) J ! 2 AR 2) ) |V isan eigenvector of ATA.

So, the solution is:

Y . - N\
O Conclusion
But AT A with A as an m x n matrix will have n The direction of maximum spread -
(for the current example we have 2 eigenvalues) “ is the elgenvector corresponding to the %
eigenvalues and hence in general | 1 |independent eigenvectors. “, largest eigenvalue of ATA.

[)‘
- _J




@ Pathto Singmr value Decomposition <} |

v 14 : : :
Let vy = (vl’l) y Vp = (vz’l) be the two-unit norm eigenvectors of matrix ATA
1.2 2,2

and corresponding eigenvalues be A; and A4,, 4; > A,

Then RN - | = w
(@ It can be shown that s are
AV1 = 01Uy, 01 = “Avll 5= \/ 11 Eigenvectors of AA” for same set of
1 Nonzero eigenvalues of A7A
e 1) (67 0 N
V V 1
A 1,1 2,1:(0’1111 0’2“2)= uluzl —)AV=UZ
Vl’z v2,2} | | | | X2 0 02

AV=UZ > AVV'=-UZV" > A=UzV" ||

-




[ @ For generic mxn Matrix A with rank r

)

U'J
- — =
| | | | ( o -+ 0 T
el 5] |- - &) .
nxr mxr; O o
\ ‘L Firxr )
With some manipulation, 4 =U, X, V;‘r
Where | AL
I | o, --- 0\ | —VIT—\
R e P Lo I 0
o D e G")rxr _vf_}rxn



How will we derive pseudo inverse of m x n matrix A /
with r < mm(m n) by taking regressuon as a context? IUII

@\

Given
l Let Ax =~ b . Thisimplies b is not in column space of matrix A4 .

e Projection

Py, = UU; |

We project p onto column space of 4 using the projection matrix gam

, S0 that we can find a solution X to projected vector U, U,.Tb.

Thatis Ax =UUTh, but A=U,Z, VT

So, AX =2,V ' x o Ax=U.Ub
@ Pre-multiplying with U
5

We obtain UTU 2, VTx— UT +U'b —> L Z,.V,Tx = UTb J

G Pre-muitipiying with X
Y5 Vi x = AU

M
Irxr

We obtain - L Vix =31 U,TbJ

-’

~N

Express Xg in terms of V" and b )

J

Y

-

” Given )

=V,w

. linear combination of rows of V,T .

Vivw =73,

3

J

( e )

1 U,TbJ (W 2—1 UTlﬂ

@‘i f

( Substitute )

Xxr=V,w=V,2'U’b

=~

J

e@Iso 3

(AT = VrZ“lUT} , so that [xR:'ATb}

\

>




E . ™
Thank You

—




Enter Matrix and find RREF

RREF, From RREF of a Matrix A one can read off Reo;flspace
ve ° nu
et One set of independent RNS vectors. ”‘;,,,,,ﬂ-’
- O . JERS] S) ek 1 = onei"de endent
A=|1 2 3|~[0o 1 1|~]0 1 1 1)—» RNS@3) =»||-1{| ight null-sp2
gl g DEROSRD 0 0 0 T 1 vecto/"-
" - _ZN ; t )
| ey independer
RREF(A,4)= (1 o 2) — RNS(3,4) = T ul-spac
0 1.3 .4 I 0 9 s
I 1 (ot ) R [y J
£ I 20 2 Y | \
— w _opace
@ RREF(A,,,4)= (0 o i 4) => RNS(2,4) = ||, _, ,.,ghtm;ﬁrﬁ’“
| 1 f 0 1 o
O - )J p,

The RREF makes the independent right null-space (RNS) vectors easy to read off.

Same idea-

Bigger insi9ht'l



=7 Matrix Operatlons in MATLAB
=D -

(A= 122,123 112]|
r=rank(A) | A=
Rzr=rref(A) a
R=Rzr(1:2,;) S
PCI=[1 2]; ‘m"
C=A(,,PCI)
A_recon=C*R
i ~ [ ERs }
e - - ) %
LTS rrmrmeeall( R = 2x3 TR
. A_recon=|1 2 3| 10 1]
101 2) |[{|B=]|o 11
— — &k




Thinking in terms of vectors and orthogonality allows very quick
computation of Eigenvectors

3 =2 1 A =1
A=|2 -1 2 il =2 Find corresponding Eigenvectors.
2 -2 4 4:=3
0 3= 2 1 2 2 1 1
PO 4-17=| 2 -1-1 2 [=]z =2 2|=3(2 <2 Oy =>x=|1
(A-1) 2 -2 4-1 2 -2 3. 0
—_— —
‘
0 3-2 -2 1 L =2 4 1
R =08 4-2]=| 2 -1-2 2 |=|2 3 2]|-(1 0 D)'=x=|0
(4-2D 2 -2 4-2 2 -2 2 )08 1
9 3-3 -2 1 0 -2 1 0
For ,,=3 A-3I=| 2 -1-3 2 [=|2 -4 2|>(0 2 4)=>x=|1 |
(A4 -3I) 2 -2 4-3 2 -2 1)HE J

7~

Ax=Ax
:(A—M)x=0i

(A-AD)Llx
s e

Use cross product

Or
Gaussian row
elimination

J

\.

'+ Conventional Pseudomverse

@ Need eigenvalues and
eigenvectors of A’A and AA”

J




.}(Getting Eigenvalues and Eigenvectors)4

( Matrix A _
3 -2 1
A=|2 -1 2
2 -2 4

\

Eigenvalues (eval) |

3.0000

ans =  2.0000

[C) MATLAB Code

A=l 3 =2 1 2 =1 9% 9 =2 A
eig(A)
[evec, eval]=eig(A, ’vector’)

L

1.0000

-0.7071
0.0000

" 0.7071

evec = | 0.4472

J

SN

-0.7071

| 0.8944

~0.7071 |
-0.7071
-0.0000 | )

L Cigenvalues (=val) with index

| 3.0000
eval =

2.0000
1.0000




—_ - - = — —

™ Finding

-

c=[1 1: 2 13 2.1 23 1]; w y
y=l1;0d:92; 2] 1 T _damaw £
w=inv(C'*C)*C'*y % m and ¢ 24
yp=C*w % projected vector
ye=y-yp % Error Vector 1-
disp(round(ye'*C))%

% Error Vector is orthogonal to columns of C - v v
disp(round(ye'*yp))% orthogonality 1 2 3 G ‘ K o ®

o
~ : : —
| w=2x1 _EalEl yp=4x1 Jun

regression coefficients with |~
=y V,/fﬂ".

m

1
1
c 2
2

Q

-t ) - -

©
W NN -

3 i Z A
| [ 1.0000 [ ~0.0000 (1 1)
w= [ 0-5000 |, || yp=| 15000 || ye=-0.5000( | 0 —0.5 05 0)2 1| (0 0)
< | 0.5000 |3 ~| 1.5000 |= ~| o.5000 i
Z “| 2.0000 “| 0.0000
\ = 7 © S S < J \ 1}

Q n\ The error vector is orthogonal to the columns of C Q >




UNDERDETERMINED SYSTEM - 2 EQUATIONS, 3 UNKNDWNS

Infinite Solution - Right Inverse

/ w
R=[1 2 3;1 1 2] i Y| Xq (
- 123 |
x=pinv(R)*b 1T 1 2 - 3
x1=R'*inv(R*R')*b \ J | X3 ,; \
xn=nulLl(R); ~ " 5
%verify

R*Xn; Right inverse: R"=RT(RRT) ", so R-R™ = |
MINIMUM-NORM SOLUTION NULL SPACE OF R EVERY SOLUTION

x = (3, -2, 1) n= (-1, -1, 1)/43 X + t-n, t € &




Regression for Classification
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1/3

1/3
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Ypred = 6x2 logicol arroy

DO D

[l o B <~ B <> I < |

e

format rat

A=[ 0 1;-11; -10; 0 -1; 10; 1 -1];
Y={18;106;10; 61; 81; 81];
disp(int2str(A))

disp(int2str(Y))

W=inv(A'*A)*A'xY %W=pinv(A)=*Y
Ypred=(AxW>B8) % logical array




Non-linear
Regression

clf

rng(12345);

x==-4:.5:4;

y=cos(x)+.2xrandn(size(x)); % Generation of y data
plot(x,y,'*"')

% fit a 5th degree polynomial

x=x(:); y=y(:); % vectorize

A=[ones(size(x)), x, x."2, x."3 x.74, x.75 1;
alpha=pinv(A)=*y;

% finer fitting

x=-4:.05:4;

x=x(:); ¥ vectorize

A=[ones(size(x)), x, X.*2, x."3 x.%4, x.°5 ];
y_fitted=Axalpha;

hold on

plot(x,y_fitted)
ax = gca;
ax.XAxislLocation = 'origin';
ax.YAxisLocation = 'origin’';

Linear to Non-linear Regression

Joe 3 o ot I O 10T L 0 Aol TS 10 @ N At e 10
Trolsing data nu-l:nnd-n-ubhm.m
»
. L Yee ovn
Xy W y ¢ ® _. i .' ed e r g
I ¥: -
y 4
: Doyvam sl s mere Coenzart: e
Xy ¥a - ,
) x5 x n | @ " |
L S 2 3
e Wy \ 0( ) / n o n nl ay ~ »
x | @
Wedrey Taen ressny .l: .K.l P | oy \ '
104 P Eon & et
A ene e fuweas = Saee
SRS T S ) -swion -

A Svear modd 1 the varearred foatore space 1ohves 3 nen Smear regreasion oedbion




Data, Feature Map, and Model Solution for the weights

Original data matrix Labels f 1
lwn{nl '(;m' Y0 SE w11 w21 t 1 4 -1
_01 (l, s 1 Wi2 W22 =A¢Y= — =k
0 -1 Y L o Le R Koo I = | x2 3
A= ¥ = =l t us map each x = . op(x) = x}z w13 Wo3 _—1 /| i
0 2 01 x5
-2 0 0 1 [ —_
0 -2 01 Let us find the training accuracy.
Mapped data matri Model (linear in feature space) o110 i g'
IS0 (110' 1" 0] }?(l) 1 0
10 1 101 10 101 1|4 - 1 0 | Accuracyis
A= |1 01| Ouwmodelnowis | g qfpwn waf )30 |1AgW=]140|X5|-1 1|=]0 1| 1009
=11 4 0 ) |10 [w2 w2 |® |, 10 4 iy 0 1
1 40 140 0 1 (10 4] [0 1]
FRe0T 4 1 0 4 L0 1]

format rat

Ap=[110; 101; 110; 101; 140; 104; 140; 10 4];
Y=[10; 10; 10; 10; 61;01; 06 1; 0 1];

W=pinv(Ap)*Y

format bank

Yp=Ap*W;

Maxval=max(Yp,[],2); % find rowwise max

Yp=(Yp>=Maxval) % Predicted Y



Random Kitchen Sink Algorithm

Random kitchen sinks: map the four XOR points into 10 random directions
(X*B) and apply cos. In that 10-D feature space the problem becomes linear, so
a single least-squares layer w = pinv(k)*Y fits it, and round(k*w) reproduces Y
exactly.

X X . ®
é o %) Random Kitchen Sink as a Neural Network
1 -
X = 9 1 = (;osl
3 g T 1 <
B ’ N
['/eo:]

O
A ° (c08)
«'/ —\\
(cos)
(0.1) (1.1) > °
© O (eo9)
£ :\
° )
\\ //

7\

(cos

N/

20N

(cos )

. ’ » (/\‘;.:\
cos )

(0.0) (1.0)

Input layer Weights B Hidden layer Weights w Output layer

2 neurons random, fixed 10 neurons - cos learned (pinv) 1neuron




% Medical data with one hot Presentation of categorical variables

% 'Gender' Male= [1 @] ; Female =[0 1]
% 'BP'
% Target variable Drug A= [ 1 @]; Drug B =[© 1]
% 'Age' varilable 1s normalized between © and 1

A=

W=
1l

1
0

MR OO R RO O®R R

20
73
37
33
48
29
52
42
61
30

O Rr P OO RFRLROOIRFRLROORFRL®

=
@
“
@
=
L~

Normal=[ 1 ©@ @] , High =[ @ 1 @] ,

1

0O P PFPOOIFL,PEFPR OGO O

0 0 ;

®
®
L e ‘wae L) L)

. e

e was ‘wa

[P

RO 0000 00Kk, O
P ®O R, O 0RFR, O®0 0 Fr ®
Ll

]
0

Low=[@ © 1]

L 4

\ 4

Blood pressure

Normal

Low

Age

Drug B

0 Gender Age BpP Drug
1 Male 20 Normal A
2 Female 73 Normal B
3 Male 37 High A
4 Male 33 Low B
5 Female 48 High A
6 Male 209 Normal A
7 Female 52 Normal B
8 Male 42 Low B
9 Male 61 Normal B
10 Female 30 Normal A
11 Female 26 Low B
12 Male 54 High A

.
2

; 01; 1 9; 10; 61; 0 1; ©

1; 1 0; 06 1; 1 0];

40

DrugB |




% yd=Target variable in terms of position where 1 is put.
% This 1s for easy comparision with predicted output
yd=[1 2 125112202 25122 1]

X=A(:,3);

Xxmin=15;

Xmax=80;

Xx=(x-xmin)./xmax; % make age variable values between © and 1
A(Z,3)=X;

% learned weight =regression coefficients; two columns
w=pinv(A)*y

D=A*pinv(A)*y;

[val,index]=max(D,[],2); % 2 for rowwise sum

Accuracy=sum(yd(:)==index(:))*100/length(yd)



Iris data set

clearvars
load fisheriris.mat

Training accuracy

X = meas;

Wr = randn(4,85);

K = sin(X*Wr);

Y = [repmat([1 @ @],50,1);repmat([© 1 ©],50,1);repmat([© © 1],50,1)];

We = pinv(K)*Y;
Ypred = K*Wc;

[~,1dXx_pred] max(Ypred,[],2);

[~,idx_true] = max(Y,[],2);

train_acc = sum(idx_pred==idx_true)*100/150;
fprintf("Iris dataset\n");

fprintf("Training Accuracy : %f \n",train_acc)




Breast Cancer Wisconsin (Diagnostic)

https://archive.ics.uci.edu/dataset/17/breast+cancer+wisconsin+diagnostic
2nd column has class label

Malignant or Benign

clearvars

X = readtable("C:\Users\ASUS\Downloads\breast+cancer+wisconsin+diagnostic\wdbc.csv");
Ylabels = table2array(X(:,2));

X = X(:,3:32);

[Npts,Nf] = size(X);

X = table2array(X);

Ylabels = cell2mat(Ylabels);

Y = zeros(Npts,2);

Y(:,1) = (Ylabels=="B'");

Y(:,2) = (Ylabels=="M");

Wr = randn(Nf,20*Nf);

K = sin(X*Wr);

We = pinv(K)*Y;

Ypred = K*Wc;

[~,idx_pred] = max(Ypred,[],2);

[~,1dx_true] = max(Y,[],2);

train_acc = sum(idx_pred==idx_true)*100/Npts;
fprintf("Breast Cancer dataset\n")
fprintf("Training Accuracy : %f \n",train_acc)



Wine data

https://archive.ics.uci.edu/dataset/109/wine

clearvars

url = 'https://archive.ics.uci.edu/ml/machine-learning-databases/wine/wine.data’;
% Use weboptions to specify the data format if needed

options = weboptions('ContentType', 'text');

% Read the data from the URL

data = readtable(url); X = table2array(data);

[Npts, Nf] = size(X); Ylabels = X(:,1); X = X(:,2:Nf);

nyl = sum(Ylabels==1);

ny2 = sum(Ylabels==2);

ny3 = sum(Ylabels==3);

Wr = randn(Nf-1,2@*Nf);

K = sin(X*Wr);

Y = [repmat([1 @ @],nyl,1);repmat([©@ 1 ©],ny2,1);repmat([@ @ 1],ny3,1)];
We = pinv(K)*Y;

Ypred = K*Wc;

[~,idx_pred] = max(Ypred,[]1,2);

[~,1dx_true] = max(Y,[],2);

train_acc = sum(idx_pred==idx_true)*100/Npts;

fprintf("Wine dataset\n")

fprintf("Training Accuracy : %f \n",train_acc)
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